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The polarization dependence of magnetic excitations in the quasi one-dimensional antiferromag-
net BaCu2Si2O7 is studied as a function of momentum and energy transfer. The results of inelastic
neutron scattering measurements are directly compared to semi-analytical calculations based on the
chain-Mean Field and Random Phase approximations. A quantitative agreement between theoreti-
cally calculated and experimentally measured dynamic structure factors of transverse spin fluctua-
tions is obtained. In contrast, substantial discrepancies are found for longitudinal polarization. This
behavior is attributed to intrinsic limitations of the RPA that ignores correlation effects.
I. INTRODUCTION
Excitations in weakly ordered quasi-one-dimensional
(quasi-1D) antiferromagnets (AFs) are a topic of consid-
erable current interest in the field of quantum magnetism.
Particularly intriguing is the problem of the so-called lon-
gitudinal mode (LM), a magnon excitation polarized par-
allel to the direction of ordered moment. The discovery
of a coherent LM in KCuF3 (Refs. 1,2) confirmed pre-
vious theoretical predictions,3 based on the chain-Mean
Field4 (chain-MF) and Random Phase Approximation
(RPA) theories.3,5 Currently chain-MF/RPA indeed ap-
pears to be the most versatile analytical framework for
treating weakly-coupled quantum spin chains. However,
the KCuF3 experiments also highlighted certain limita-
tions of this approach. In particular, the chain-MF/RPA
can not, by its very definition, account for the experimen-
tally observed finite lifetime (broadening) of the LM.
In a recent short paper6 we reported polarization-
sensitive neutron scattering measurements of the dy-
namic spin structure factor in another model quasi-1D
antiferromagnet, namely BaCu2Si2O7. This S = 1/2
system has much weaker inter-chain interactions and
low-temperature ordered moment than KCuF3. Pre-
liminary results indicated that, unlike in KCuF3, in
BaCu2Si2O7 there is no well-defined longitudinal mode.
Instead, the longitudinal spectrum is best described as a
†Present address: Solid State Division, Oak Ridge national Labo-
ratory, Oak Ridge, TN 37831-6393, USA.
single broad asymmetric continuum feature. This stark
discrepancy with the predictions of the chain-MF/RPA
model came as surprise. Indeed, for the transverse-
polarized spectrum of BaCu2Si2O7, earlier neutron scat-
tering work confirmed excellent agreement with chain-
MF/RPA theory, at least as far as excitation energies
were concerned.7,8 The apparent paradox is not fully re-
solved to date. This is in part due to that only very
limited data are available for longitudinal-polarized ex-
citations. Even for the transverse-polarized spectrum,
the existing wealth of high-resolution neutron data could
not be quantitatively compared to theoretical predictions,
for lack of calculations based on the specific geometry
of inter-chain interactions in BaCu2Si2O7. The present
work addresses both these issues and involves a detailed
experimental and theoretical study of the polarization
dependence of magnetic excitations in this compound.
First, we further exploit the technique of polarization
analysis described in Ref. 6 to investigate the wave vec-
tor dependence of longitudinal excitations. We then per-
form chain-MF/RPA calculations of the dynamic struc-
ture factor for the exchange topology and constants of
BaCu2Si2O7. This enables us to perform a direct quan-
titative comparison between theory and experiment for
both energies and intensities of the coherent and diffuse
components of the dynamic spin correlation functions.
Magnetic interactions in BaCu2Si2O7 have been previ-
ously thoroughly studied using bulk methods,9,10 neutron
diffraction,9,11 and inelastic neutron scattering.8,9,12,13
The silicate BaCu2Si2O7crystallizes in an orthorhom-
bic structure (space group Pnma, a = 6.862 A˚, b =
13.178 A˚, c = 6.897 A˚) with slightly zigzag AF S = 1/2
chains of Cu2+ ions running along the c axis. The in-
2chain exchange constant is J = 24.1 meV. Interactions
between the chains are much weaker, and the character-
istic bandwidth of spin wave dispersion perpendicular to
the chain direction is ∆ = 2.51 meV. BaCu2Si2O7 orders
antiferromagnetically at TN = 9.2 K= 0.033J/kB with a
zero-T saturation moment of m0 = 0.15 µB parallel to
the crystallographic c axis.
II. EXPERIMENTAL PROCEDURES
In the present study we employed the same basic prin-
ciple of using a tuneable horizontal magnetic field to
determine the polarization of magnetic excitations in
BaCu2Si2O7 with unpolarized neutrons, as described in
Ref. 6. However, the new experimental setup included
several significant improvements compared to that used
previously. First, we utilized a different horizontal field
magnet with a much more open coil construction, that
allowed almost unrestricted scattering geometries within
the horizontal plane. This enabled us to collect the data
in a series of conventional constant-Q and constant-E
scans, which was not possible in the highly restrictive
geometry used before. Second, the larger diameter of the
magnet bore made it possible to mount the sample with
a high-symmetry reciprocal-space crystallographic (a, c)
plane horizontal, rather than having a scattering plane
defined by some low-symmetry vectors as in previous
studies. Third, the experiments were carried out at the
IN22 instrument installed at Institut Laue Langevin in
Grenoble, France. This instrument boasts a much higher
neutron flux which accelerated the data collection rate
considerable, while reducing statistical errors.
All data were collected using a 14.7 meV fixed-final
energy configuration with PG (pyrolitic graphite) (002)
reflections employed in the vertical-focusing monochro-
mator and flat analyzer. A PG filter was installed after
the sample to eliminate higher-order beam contamina-
tion. The supermirror neutron guide provided effective
pre-monochromator beam collimation. Soller collima-
tors with a horizontal acceptance of 60′ were installed
before and after the sample. No dedicated collimation
devices were used between analyzer and detector. The
measurements were performed at momentum transfers
(0, k, l) in the vicinity of the 1D AF zone-center l = 1,
for k = −1...0. The main advantage of working around
l = 1 (as opposed to l = 3, as in previous studies) is a
smaller intensity penalty due to the magnetic form factor
of Cu2+, and the negligible small 3D modulation of the
dynamic structure factor due to the slightly zigzag struc-
ture of the spin chains.21 The tradeoff is limitations on
the energy transfer (up to 12 meV in the present experi-
ment) imposed by kinematic constraints on the scattering
geometry.
Each data set was measured for two values of magnetic
field applied along the crystallographic c axis, H1 = 1.5 T
and H2 = 2.2 T. These field values were chosen to be be-
low and just above a spin-flop transition at Hc = 2.0 T,
FIG. 1: Typical constant-E scans (a,b) and constant-Q scans
(c) measured in BaCu2Si2O7 in magnetic fields H = 1.5 T
(open circles) and H = 2.2 T (solid circles) applied along the
crystallographic c-axis. The dashed lines in (a) and (b) repre-
sent the background obtained by linear interpolation between
intensities measured at l = 0.8 and l = 1.2. In (c) the dashed
line is the background scan measured at q = (0,−0.5, 1.2).
respectively.10,11 The transition involves a re-orientation
of the ordered staggered magnetization in the system.11
As explained in Ref. 6, this leads to a drastic change in
the polarization-dependent part of the scattering cross
section for unpolarized neutrons. The effect on the scat-
tering intensity from longitudinal (parallel to the ordered
moment) and transverse (perpendicular to the ordered
moment) spin fluctuations is different, which allows us
to separate the two components. In general, the mea-
sured intensity can be expanded as:
I(q, ω) ∝ S⊥(q, ω)(1 + cos2 αq)
+ S‖(q, ω) sin2 αq + B(q, ω). (1)
In this equation S⊥(q, ω) and S‖(q, ω) are the magnetic
dynamic structure factors for transverse and longitudinal
polarizations, respectively. The wave vector dependent
angle αq is measured between the momentum transfer
q and the direction of ordered moment. The orienta-
tions of the latter was previously determined using neu-
3FIG. 2: Transverse (a) and longitudinal (b) components of
a constant-Q scan measured in BaCu2Si2O7 at q = (0, 0, 1).
Lines are fits to the experimental data using several param-
eterized model cross sections, as described in the text. The
shape of the scans is influenced by the evolution of the spec-
trometer resolution function in the course of the scan (c).
tron diffraction in both the low-field (along the c axis)
and in the spin-flop states (roughly along a), so αq is
a known quantity for every scan measured. The quan-
tity B(q, ω) is the polarization-independent background
determined separately, as discussed below. In our mea-
surements S⊥(q, ω) and S‖(q, ω) could thus be extracted
from pairs of scans at H1 and H2 by solving a set of two
coupled linear equations for each point.
For this procedure to work, the exact knowledge of
B(q, ω) is required. B(q, ω) includes both intrinsic (co-
herent and incoherent nuclear scattering in the sample)
and extrinsic (scattering in the sample holder, magnet,
etc.) contributions. In our previous experiments only
the latter part was measured. This was accomplished by
repeating all scans on an empty sample container. In the
present work we adopted a different approach to measure
both components. With the sample in place, background
scans were collected at wave vectors far from the 1D AF
zone-center, at l = 1.2 or l = 0.8. Due to the very steep
dispersion of magnetic excitations along the chain axis,
no magnetic signal is expected at these positions in the
energy range covered in our experiments. In all cases
the background signal was measured at both field values
H1 and H2, but was found to be field-independent, as
expected.
The main assumption behind the “spin flop” polar-
ization analysis is that the magnetic field needed to in-
duce the transition is weak on the energy scale set by
the strength of relevant inter-chain interactions, the ex-
perimental energy range, and the energy resolution of
the spectrometer. In other words, in Eq. (1), it is only
the angle αq that changes on going through the spin-flop
transition, while the structure factors S⊥(q, ω) remain
unaffected. The validity of this assumption for the type
of measurements performed in this work was argued in
FIG. 3: Transverse (a) and longitudinal (b) components of a
constant-Q scan measured in BaCu2Si2O7 at q = (0,−0.5, 1).
Lines and the plot shown in (c) are as in Fig. 2.
detail in Ref. 6.
III. EXPERIMENTAL RESULTS
Typical raw data sets measured in constant-Q and
constant-E modes at T = 1.5 K are shown in Fig. 1.
At energies in excess of about 2∆ the scattering is prac-
tically unaffected by the phase transition (Fig. 1b). The
contrast in inelastic intensity measured at two different
field values is most apparent at energy transfers of about
∆( Fig. 1a and c). Separating the longitudinal and trans-
verse contributions as described in the previous section
yields the constant-Q scans shown in Figs. 2–4. The evo-
lution of the instrumental FWHM resolution ellipsoid in
the course of each scan is shown in the right part of each
figure. Typical constant-E data are shown in Fig. 5. A
contour and false color plot based on a series of 10 such
scans taken with 1 meV energy step is shown in Fig. 6.
Certain important features of the measured transverse
and longitudinal dynamic structure factors can be iden-
tified even without a quantitative data analysis. An im-
portant experimental observation is that longitudinal ex-
citations show a steep dispersion along the chains. As
can be seen in Fig. 6, the corresponding spin velocity
is the same as for transverse-polarized spin waves. Fur-
thermore, at high energy transfers (above ≈ 7 meV) the
scattering is almost polarization-independent to within
experimental accuracy and resolution (Figs. 2–5). Such
behavior is consistent with our general expectation that
inter-chain interactions become almost irrelevant at ener-
gies well above the gap energy ∆. The dynamic structure
factor in this regime is as in isolated chains, and is there-
fore almost isotropic.
At smaller energy transfers the structure factors for
longitudinal and transverse polarizations are noticeably
different. As observed in previous detailed studies,8
transverse-polarization constant-Q scans are character-
4FIG. 4: Transverse (a) and longitudinal (b) components of a
constant-Q scan measured in BaCu2Si2O7 at q = (0,−1, 1).
Lines and the plot shown in (c) are as in Fig. 2.
FIG. 5: Transverse (a,c,e,g) and longitudinal (b,d,f,h) com-
ponents of typical constant-E scans measured in BaCu2Si2O7
along the q = (0, 0, l) direction. Lines are fits to the experi-
mental data as described in the text.
FIG. 6: Contour and false-color plot of the transverse-
polarized (left) and longitudinal-polarized (right) inelastic
scattering measured in BaCu2Si2O7 near the 1D AF zone-
center (0, 0, 1).
ized by a sharp spin wave peak, whose position and
intensity is strongly dependent on momentum transfer
q⊥ in the direction perpendicular to the spin chains.
The effect of this pronounced dispersion can be seen
in Figs. 2a–4a. In contrast, longitudinal-polarized scans
lack the sharp component and are almost independent of
q⊥ (Figs. 2b–4b). Such behavior is reminiscent of that
for the transverse-polarized continuum that also shows
very little variation with q⊥.8
IV. THEORY
Before discussing the quantitative analysis of the ex-
perimental data we shall describe the application of the
chain-MF/RPA approach to the problem of weakly cou-
pled chains in BaCu2Si2O7.
A. Hamiltonian and definitions
Following Refs. 8,13 the spin Hamiltonian for
BaCu2Si2O7 is written as:
H = Hchains +H
′ ,
Hchains = J
∑
i,j,n
Si,j,n · Si,j,n+1 ,
H ′ =
∑
i,j,n
Jx Si,j,n · Si+1,j,n + Jy Si,j,n · Si,j+1,n
+J3 Si,j,n · (Si+1,j+1,n + Si+1,j−1,n) . (2)
The Fourier transform of the inter-chain coupling is de-
fined as
J ′(q) = Jx cos(qx) + Jy cos(qy)
+J3 [cos(qx + qy) + cos(qx − qy)] . (3)
5In order to comply with the formalism of Refs. 3,5 it is
convenient to introduce new spin variables S˜α:
Sxi,j,n = S˜
x
i,j,n , S
α
i,j,n = (−1)jS˜αi,j,n , α = y, z. (4)
The transformation (4) leaves Hchains invariant, but flips
the signs of Jy and J3 in the interaction of the y and z
components of the spin operators in H ′. The staggered
magnetization at T = 0 is defined as
〈S˜αi,j,n〉 = δα,z (−1)n m0. (5)
B. Chain-MF and field-theoretical results for a
single chain
The first step in the chain-MF/RPA is a mean-field
decoupling of the inter-chain interaction H ′:4
S˜αi,j,n = 〈S˜αi,j,n〉+ δS˜αi,j,n , (6)
where δS˜αi,j,n denote (small) fluctuations around the ex-
pectation value. Substituting (6) inH ′ we obtain a mean-
field Hamiltonian
HMF =
∑
i,j
∑
n
J S˜i,j,n · S˜i,j,n+1 + h(−1)n S˜zi,j,n ,
h = 2(Jx − Jy − 2J3) m0 ≡ J ′m0. (7)
The Hamiltonian (7) describes an ensemble of uncoupled
spin- 1
2
Heisenberg chains in a staggered magnetic field
H1d =
∑
n
J S˜n · S˜n + h(−1)n S˜zn+1 . (8)
The next step is to find a solution for an isolated chain in
an external field h. Since in the limit of weak inter-chain
coupling the latter is expected to be small compared to
J , it is possible to determine dynamical correlation func-
tions at low energies h¯ω ≪ J by means of field theory
methods. A standard bosonization analysis gives the fol-
lowing scaling limit of (8):
H1d =
∫
dx
[
v
2
(∂xφ)
2 +
1
2v
(∂tφ)
2 + Ch cos(
√
2πφ)
]
.
(9)
In this formula v = πJa0/2 is the spin velocity of the
spin-1/2 Heisenberg chain22 and C is a non-universal con-
stant that was calculated in Ref. 14. The model (9) is
known as the quantum Sine Gordon model (SGM) and
is exactly solvable. The spectrum is formed by scatter-
ing states of four particles, called soliton s, antisoliton s¯,
breather B1 and breather B2. The breathers themselves
are soliton-antisoliton bound states. All four particles
have gapped relativistic dispersion relations:23
Eα = ∆cosh θ , Pα =
∆
v
sinh θ , α = s, s¯, B1 ,
EB2 =
√
3∆ cosh θ , PB2 =
√
3∆
v
sinh θ. (10)
Using the integrability of the SGM it is possible to de-
termine correlation functions by exact methods. As de-
scribed in Ref. 15, the expectation value of the stag-
gered magnetization can be calculated from the results
of Ref. 14:
m0 = C〈cos
√
2πφ〉 ≈ c
(
h
J
) 1
3
[
ln
(
J
h
)] 1
3
,
c =
2
2
3
3
√
3π
[
Γ(3
4
)
Γ(1
4
)
] 4
3
[
Γ(1
6
)
Γ(2
3
)
]2
. (11)
Equation (11) is the self-consistency equation of the MF
approximation (recall that h = m0J
′) and is easily solved
for m0:
m0 ≈ A1
[
J ′
J
ln
(
2.58495J
J ′
)] 1
2
,
A1 =
√
2
3
7
4π
3
2
[
Γ(3
4
)
Γ(1
4
)
]2 [
Γ(1
6
)
Γ(2
3
)
]3
≈ 0.294691. (12)
We note that the constant 2.58495 should not be taken
seriously as we have ignored subleading logarithmic cor-
rections. The result (12) is found to be in good agreement
(for small J ′/J) with a phenomenological expression ob-
tained from quantumMonte-Carlo simulations in Ref. 16.
The soliton gap as a function of the staggered field h has
been calculated in Refs. 15,17. Expressing h in terms of
m0 by (7) and then using (12) we obtain
∆
J
≈ A2 J
′
J
[
ln
(
2.58495J
J ′
)] 1
2
,
A2 =
1
3π
[
Γ(3
4
)
Γ(1
4
)
]2 [
Γ(1
6
)
Γ(2
3
)
]3
≈ 0.841916. (13)
Note that this result is at variance with that of Ref. 5,
where it was reported that (in our notations)
∆ ≈ 6.175
4
J ′ = 1.544J ′. (14)
The polarization-dependent dynamic structure factors
of interest to us in the present study are directly related,
through the fluctuation-dissipation theorem, to the imag-
inary parts of the corresponding dynamic susceptibilities.
For a single spin chain in a self-consistent staggered mean
field the latter were derived in Ref. 3, and are expressed
in terms of a spectral sum over intermediate states with
one, two, three, etc. particles. In the energy range that
we are interested in here (h¯ω <∼ 5∆), the contributions
due to intermediate states with three or more particles
are negligible. With all contributions from intermediate
states with at most two particles taken into account, the
expressions for the dynamic susceptibilities are:
χ˜⊥1d(ω, π + q) =
2|F1|2
∆2 − s2 − iǫ
6−
∫ ∞
0
dθ
π
2|F cos+−(θ)|2 + |F cos11 (θ)|2
s2 − [2∆ cosh(θ/2)]2 + iǫ ,
−
∫ ∞
0
dθ
π
|F cos22 (θ)|2
s2 − [√12∆ cosh(θ/2)]2 + iǫ , (15)
χ˜
‖
1d(ω, π + q) =
2|F2|2
3∆2 − s2 − iǫ
−
∫ ∞
0
dθ
π
2|F sin+−(θ)|2
s2 − [2∆ cosh(θ/2)]2 + iǫ
−
∫ ∞
0
dθ
π
2|F sin12 (θ)|2
s2 − 4∆2(1 +
√
3
2
cosh θ) + iǫ
. (16)
Here s2 = h¯2ω2 − v2q2/a20 and the functions F sinǫ1ǫ2(θ),
F cosǫ1ǫ2(θ) are determined in Ref. 3 up to an overall con-
stant factor denoted by Z. Analytic expressions for the
constants |F1,2|2 are also given in Ref. 3 and have the
numerical values of
|F1|2 ≃ 0.0533Z , |F2|2 ≃ 0.0262Z , (17)
Using recent theoretical advances14,15 it is possible to cal-
culate the normalization Z with good accuracy although
we do not need it in the present calculation (see below).
Note that both the longitudinal and transverse dynamic
susceptibilities feature single-mode and continuum con-
tributions. In the transverse polarization channel the
single-mode excitations have the energy ∆, while the en-
ergy of the longitudinal mode is
√
3∆. Regardless of
polarization, the continuum has a gap of 2∆. While the
transverse continuum is singular on its lower bound, the
one in the longitudinal polarization channel is not.
C. Coupled chains and the RPA
In the final stage of the described approach the dy-
namic susceptibilities of coupled chains (in the original
spin variables) are expressed as
χα3d(ω,q) =
χ˜α1d(ω, q‖)
1− J ′(q)[χ˜α1d(ω, q‖) + Σα(ω,q)]
,
(18)
where α = ⊥, ‖. In Eq. (18) Σ⊥ and Σ‖ are the self-
energies that are expressed in terms of integrals involving
three-point, four-point etc correlation functions of spin
operators. The analogous expressions in the disordered
phase were derived in Refs 18,19. To date, the relevant
multipoint correlation function have not been calculated
for the Sine-Gordon model. The essence of the RPA is
to simply neglect the self-energies.4,5 In other words, one
sets
Σ⊥ = Σ‖ = 0. (19)
One problem is that in this approximation the transverse
susceptibility will not have a zero-frequency spin wave
pole at the 3D magnetic zone-center, as it should, spin
FIG. 7: Longitudinal (dashed lines) and transverse (solid
lines) dynamic structure factors of BaCu2Si2O7 at several
wave vectors, calculated within the chain-MF/RPA. The cal-
culated structure factors were regularized by convolution with
a Gaussian function of 0.2 meV FWHM. The dotted line
shows the fit function used in the analysis of neutron scat-
tering data.
waves being the Goldstone modes of the magnetically
ordered state. In order for the pole to be exactly at
ω = 0 the full self-energy Σxx must, in fact, be included.
A work-around was suggested by Schulz.5 Assuming the
RPA is a reasonably good approximation, the pole in
χ⊥3D(ω, 0, π, π) will occur at a very small frequency. As a
result,
1 ≈ J ′ (0, π) χ˜⊥1d(0, π) . (20)
The idea is to replace p˚ole1 by an equality
1 = J ′ (0, π) χ˜⊥1d(0, π) , (21)
and then use p˚ole2 to fix the overall normalization of
χ˜⊥1d(ω, q). Following this logic, we may carry out the
integral in c˚hixx numerically and obtain
Z ≈ 7.994 M
2
J ′(0, π)
. (22)
Now it is a simple matter to determine χα3d(ω,k, q) by
evaluating the 1D susceptibilities numerically and then
inserting them into R˚PA.
As explained in Ref. 3, the resulting dynamic suscep-
tibility for transverse spin fluctuations in coupled chains
contains a pair of spin wave excitations that disperse per-
pendicular to the spin chains, and are, by design, gapless.
7The longitudinal mode also disperses in the direction per-
pendicular to the chains, but retains a non-zero gap at
the 3D magnetic zone-center. Under the approximations
made, the lower bounds of the continua remain at 2∆
and are independent of q⊥, regardless of polarization.
The singularity at the lower bound of the transverse-
polarized continuum vanishes and persists only at the
“magic” wave vector q0, such that J
′(q0) ≡ 0. For
BaCu2Si2O7 q0 = (0.5, 0.5, 1). At q0 the dynamic struc-
ture factor is as for uncoupled chains in a staggered field
and the gap ∆ can be observed directly.
D. Results for BaCu2Si2O7
The exchange parameters J , Jx, Jy and J3 for
BaCu2Si2O7 are known with very good accuracy from the
previously measured spin wave dispersion relation.8 Us-
ing these numerical values the low-energy part of trans-
verse and longitudinal structure factors were calculated
for several wave vectors on the (0, k, 1) reciprocal-space
rods using the chain-MF/RPA approximation described
above. The results are visualized in Fig. 7. To improve
the visual effect, any singularities in these plots were
eliminated by convoluting the calculated profiles with a
Gaussian kernel of a fixed FWHM of 0.2 meV. Note that
this width is still considerably narrower than the typical
resolution of a 3-axes instrument in our experiments. A
comparison of these calculation results to actual neutron
scattering data is the subject of the next section.
V. ANALYSIS OF EXPERIMENTAL DATA
To better understand the experimental results and per-
form a quantitative comparison between measured and
calculated dynamic structure factors one has to take into
account the effects of experimental resolution. This is
best done by fitting the data to a parametrized model
cross section function numerically convoluted with the
4-dimensional resolution function of the instrument.
A. A model cross section
In Ref. 8 for this purpose we have successfully em-
ployed a model cross section designed to reproduce the
main features of the chain-MF/RPA calculations. The
first component of the fit function for transverse excita-
tions represents the long-lived spin-waves and is written
exactly as in chain-MF/RPA theory:
S⊥SM(q, ω) = A
[1− cos(πl)]
2ω⊥(q)
×
× {δ [ω − ω⊥(q)] + δ [ω + ω⊥(q)]} . (23)
FIG. 8: Comparison of simulated scans across transverse-
polarized continuum at q = (0, 0, 1) based on the exact chain-
MF/RPA result (solid line) and the empirical TMA fitting
function that was used to analyze the neutron scattering data
(dotted line). Given the effects of experimental resolution
that were taken into account in these simulations, the two
curves are virtually identical.
Here ω2⊥(q) is the spin wave dispersion relation given by:
ω2⊥(q) =
π2
4
J2 sin2(πl) +
∆2
|J ′| [|J
′|+ 2J ′(q)] , (24)
where J ′(q) is defined by Eq. 3.
The second component of the fit function for trans-
verse excitations approximates the continuum. We have
previously found that, at least for wave vectors on the
(0, k, 1) reciprocal-space rod, continuum scattering can
be very well approximated by the “truncated Mu¨ller
ansatz” (TMA) function:24
S⊥c (q, ω) =
αA
2
[1− cos(πl)]√
ω2 − π2
4
J2 sin2(q‖)
×
× θ
(
ω2 −∆2c,⊥ −
π2
4
J2 sin2(πl)
)
(25)
The TMA is plotted in a thin dotted lined in Figs. 7a–
c for a direct comparison to our chain-MF/RPA result.
Conveniently, given the experimental resolution width,
the two functional forms are almost indistinguishable.
This fact is illustrated in Fig. 8 that shows the trans-
verse continuum obtained in the actual chain-MF/RPA
calculation for q = (0, 0, 1) (solid line), along with the
form 25 (dotted line), both profiles being numerically
convoluted with the resolution function of the instru-
ment. Resolution effects taken into account, an almost
perfect match between the chain-MF/RPA calculation
for BaCu2Si2O7 and Eqs. (23) and (25) can be obtained
for the entire range of energy and momentum transfers
covered in our experiments by choosing ∆c,⊥ = 5.0 meV
and α = 0.17 meV−1.
8Just like the transverse-polarized part, the fit function
for longitudinal scattering is composed of a single-mode
and a continuum components. The dispersion relation
and dynamic structure factor for the single-mode contri-
bution are written as:
S
‖
SM(q, ω) =
γ
2
A
[1− cos(πl)]
2ω‖(q)
Γ/π[
ω − ω‖(q)
]2
+ Γ2
,(26)
ω2‖(q) =
π2
4
J2 sin2(πl) + ∆2‖ +
∆2J ′(q)
|J ′| (27)
These equations are a generalization of Eqs. (12) and
(13) in Ref. 8, that allow for a damping of the longitudi-
nal mode. The adjustable parameter ∆‖ is the the energy
of the longitudinal mode at the RPA “magic” point. The
coefficient γ is an adjustable parameter that determines
the intensity ratio of longitudinal and transverse excita-
tions, while A is an overall intensity prefactor used for
both polarizations (see Eqs. (4), (5), and (10) in Ref. 8).
In Eq. (26) the δ-function is replaced (for positive energy
transfers) by a Lorentzian profile with a half-width at
half height of Γ.
The longitudinal-polarized excitation continuum was
modelled using the same truncated Mu¨ller-ansatz cross
section function as previously done for the transverse
case:
S‖c (q, ω) =
βA
2
[1− cos(πl)]√
ω2 − π2
4
J2 sin2(q‖)
×
× θ
(
ω2 −∆2c,‖ −
π2
4
J2 sin2(πl)
)
(28)
Note that, unlike in Ref. 8, we use separate relative in-
tensity prefactors and (pseudo)gap energies for the trans-
verse and longitudinal continua. By choosing ∆c,‖ =
∆c,⊥ and β = α one can accurately reproduce the chain-
MF/RPA result for BaCu2Si2O7 to within resolution ef-
fects in the energy and momentum transfer range covered
in the present study.
B. Transverse polarization
As a first step in the quantitative data analysis, the
two-component model cross section for transverse polar-
ization was numerically convoluted with the calculated
spectrometer resolution function and fit to the trans-
verse components of all scans measured in this work
(429 total scan points). The relevant parameters of the
model, including the mass gap ∆ = 2.51(2) meV, the
inter-chain exchange constants Jx = −0.460(7) meV,
Jy = 0.200(6) meV, 2J3 = 0.152(7) meV, the in-chain
exchange parameter J = 24.1 meV, the continuum gap
∆c,⊥ = 4.8(2) meV, and the ratio α = 0.20(3) meV−1 of
single-mode and continuum intensities, were determined
previously with very good accuracy.8,13 In analyzing the
present data, only the overall scaling factor was treated as
an adjustable parameter. A good (χ2 = 2.7) 1-parameter
global fit to all the measured scans was obtained (heavy
solid lines in Figs. 2a–4a and Figs. 5a–g. The hatched and
greyed areas represent the continuum and single-mode
components, respectively.
As mentioned in the previous section, our chain-
MF/RPA theoretical result for BaCu2Si2O7 corresponds
to fitting function parameters ∆c,⊥ = 2∆ = 5.0 meV and
α = 0.17 meV−1, which is in a remarkably good agree-
ment with previous and current experiments. We con-
clude that for transverse polarization the chain-MF/RPA
not only predicts the correct spin wave dispersion rela-
tion and continuum gap energy, but provides an accurate
estimate for the intensity of the lower-energy part of the
continuum.
C. Longitudinal polarization
The agreement with theory is not nearly as good in the
longitudinal polarization channel. In the chain-MF/RPA
the LM is infinitely sharp and corresponds to Γ → 0 in
Eq. (26). The LM’s energy and intensity are given by
∆‖ =
√
3∆, and γ ≈ 0.49. Our chain-MF/RPA calcu-
lation for the longitudinal continuum in BaCu2Si2O7 is
very well approximated by Eq. (28) with ∆c,⊥ = ∆c,‖
and β = α. Using these values in the model cross section
convoluted with the resolution function of the spectrom-
eter, we can simulate the measured scans as expected in
the chain-MF/RPA model. These simulations are shown
in solid lines in Figs. 2b–4b. The dark greyed area repre-
sents the longitudinal mode, and the hatched area is the
continuum contribution. It is clear that at all values of
q⊥ the model fails to reproduce the observed longitudinal
spectrum. The discrepancy is greatest at energy trans-
fers below 2∆, where the chain-MF/RPA model predicts
no scattering except that by the LM. At higher energy
transfers the agreement between theory and experiment
becomes progressively better.
Of course, much better fits to the experimental data
can be obtained if the central energy ∆‖, intensity pref-
actor γ and intrinsic energy width Γ of the longitudi-
nal mode are allowed to vary. The result of fitting this
“damped LM” model globally to the entire data set for
longitudinal polarization (358 data) is shown in Figs. 2b–
4b in a dotted line, and corresponds to χ2 = 1.5. The fit
yields ∆‖ = 2.1(1) meV, γ = 1.2(2) and Γ = 1.5(2) meV.
This analysis confirms the main conclusion of the prelim-
inary study of Ref. 6: to adequately describe the longi-
tudinal scattering in BaCu2Si2O7 in terms of a “longi-
tudinal mode” one has to assume a substantial intrinsic
width, comparable to the mode’s central energy and to its
separation from the continuum threshold. The “longitu-
dinal mode” can therefore be no longer considered a sepa-
rate feature, as it is merged with the strong continuum at
higher energy transfers. The energy separation of single-
mode and continuum excitations previously observed for
transverse polarization is absent in the longitudinal chan-
9nel. It is important to emphasize that the mismatch be-
tween theory and experiment involves more than simply a
broadening of the LM. Experimentally one observed con-
siderably more scattering below 2∆ energy transfer than
the LM could provide in the chain-MF/RPA model. As
a result, the refined value of γ is almost 4 times larger
than expected, and the “LM” is almost equal in intensity
to a transverse spin wave.
The measured data can, in fact, be reproduced without
including a single-mode longitudinal component in the
cross section. This “continuum-only” model corresponds
to γ = 0, while ∆c,‖ and α‖ are the adjustable parame-
ters. Rather good global fits to 249 data points at k = 0
are obtained with ∆c,‖ = 2.0(1) meV, α‖ = 0.22(0.01)
and χ2 = 1.16. Scan simulations based on these param-
eter values are plotted in heavy solid lines in Fig. 5b,d,f,
and h, and in a dash-dot line in Fig. 2b. The param-
eter ∆c,‖ was fit separately for the constant-Q scans at
k = −0.5 and k = −1, yielding ∆c,‖ = 1.8(1) meV and
∆c,‖ = 1.5(1) meV, respectively. The results are shown
in dash-dot lines in Figs. 3b and 4b. The variation of
∆c,‖ as a function of q⊥ corresponds to the dispersion
of the longitudinal mode built into the “damped LM”
model.
VI. CONCLUDING REMARKS
Based on the neutron scattering results we can now
give phenomenological description of the longitudinal
excitations in weakly interacting quantum spin chains.
There is no sharp longitudinal mode, but a broad asym-
metric peak that is inseparable from the continuum at
higher frequencies. This feature is practically indepen-
dent of q⊥, but has a steep dispersion along the chain
axis. The scattering starts at energies well below 2∆,
and its intensity at low energies is considerably greater
than predicted by the chain-MF/RPA.
It appears that the established chain-MF/RPA model
is at the same time remarkably good in predicting the
transverse correlations of weakly-coupled chains, and
sourly inadequate as far as longitudinal fluctuations are
concerned. Admittedly, one can never entirely dismiss
the possibility that the disagreement between theory and
experiment in the latter case may, in fact, be due to some
intrinsic flaw in the unconventional technique that we
used for polarization analysis. However, having repeat-
edly scrutinized the measurement procedure, we were un-
able to identify any potential sources of systematic er-
ror that could account for the observed discrepancies
with theoretical calculations. We thus conclude that
the discrepancies stem from limitations of the theoretical
method itself. Among the assumptions and approxima-
tions associated with the chain-MF/RPA approach, the
most likely source of errors is the uncontrolled discarding
of the self-energies in the RPA. The RPA, by definition,
acts on bare (purely 1D) dynamic susceptibilities at par-
ticular wave vectors. It excludes interactions between
particles, such as processes that involve a decay of a par-
ticle with momentum q into a pair of particles with mo-
menta q1 + q2 = q. The contributions of such processes
to the susceptibility involve 1D correlation functions of
three or more spin operators. For spin chains that are
intrinsically gapped such processes are expected to be
suppressed, in which case the RPA will be fully justi-
fied. We can expect the RPA to be an almost perfect
description of weakly coupled ladders or Haldane spin
chains. For weakly coupled S = 1/2 chains however the
mean-field gap ∆ is itself determined by J ′. As a result,
the transverse spectrum in RPA is gapless, regardless of
J ′/J . Hence a longitudinal excitation can always de-
cay into a pair of transverse-polarized spin waves. The
RPA fails by excluding this effect. Comparing the re-
sults of the present study to the ones reported in Ref.1
for KCuF3, the question arises why there is a longitudi-
nal mode, albeit damped, in the latter material but not
in BaCu2Si2O7. The main difference between the two
materials is the strength of the interchain coupling: in
BaCu2Si2O7 the ratio of the bandwidths perpendicular
to the chains and along the chains is 2∆/πJ ≃ 0.066,
whereas it is approximately 0.2 for KCuF3. This may
suggest that a sufficiently strong dispersion perpendic-
ular to the chains is necessary in order to stabilize a
damped longitudinal mode. It would be interesting to
investigate this issue by determining the damping of the
longitudinal mode in MF/RPA.
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